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Asymmetric Vortex Pair in the Wake of a Circular Cylinder

G. losilevskii* and A. Seginert
Technion—Israel Institute of Technology, Haifa 32000, Israel

Stationary configurations of two asymmetric point vortices in the wake of an infinite circular cylinder, spin-
ning or not about its axis, are analytically investigated using an ideal fluid approximation. Four different vortex
configurations (patterns) in the wake of a spinning cylinder are found in the case when vortex asymmetry is
weak; each configuration is associated with a certain direction of the Magnus force. The qualitative relation
between a pattern and a direction of the Magnus force is in agreement with experimental data. Also obtained are
asymmetrical vortex configurations in the wake of a nonspinning cylinder.

I. Introduction

THE flowfield developing around an infinitely long circular
cylinder in a crossflow was extensively studied over the last

century both analytically and experimentally. It is currently a well-
known fact that several characteristic flow patterns in the wake of
the cylinder are associated with the crossflow Reynolds number
Re.1 In particular, when 6 <Re < 30 (the Reynolds number is based
on the cylinder's diameter, and the ranges cited ar approximate
since they can be affected by the roughness of the cylinder's sur-
face), a pair of concentrated vortices is observed in the wake. The
vortices are symmetric relative to the direction of the crossflow
and equidistant from the cylinder; both the strength and the dis-
tance of the vortices from the cylinder increase with the Reynolds
number. When Re increases above 30, the vortices may become
asymmetric. In this case, a side force (or a Magnus force; hereafter
both names will be used synonymously) is exerted upon the cylin-
der. With a further increase in the Reynolds number, additional
pairs of asymmetric vortices are shed from the cylinder. If the cyl-
inder spins about its axis, then the respective wake vortices are in-
herently asymmetric; both the loci of the vortices and the side force
acting on the cylinder depend on the cylinder's spin rate and on the
crossflow Reynolds number.2

The majority of the analytical studies of the problem were con-
ducted in the framework of the ideal fluid approximation.3"6 The
latter may be summarized as follows. The fluid is assumed inviscid
and incompressible; it is postulated that there exists a wake behind
the cylinder; it is further postulated that the wake is comprised of
several stationary point vortices, the number of the wake vortices
deriving from the respective "physical" flow pattern (cf. the previ-
ous paragraph). Each of the cited studies addressed different equi-
librium configurations of the vortices. Thus, stationary configura-
tions were found for several pairs of symmetric vortices near a
circular cylinder,3'4 for several pairs of symmetric vortices behind
an oscillating circular cylinder confined between walls,5 and for
several pairs of symmetric vortices behind a noncircular cylinder.6

All of these studies dealt with symmetric vortices behind a non-
spinning cylinder. To the best of our knowledge, asymmetric vorti-
ces behind either spinning or nonspinning cylinders were never in-
vestigated (although the case of a spinning cylinder without wake
vortices was solved by Magnus7 in 1853). This problem is ad-
dressed in the present publication.

II. Ideal Fluid Approximation
A. Preliminaries

Consider an infinite cylinder of radius b spinning with angular
velocity Q in a uniform crossflow of an inviscid and incompress-
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ible fluid. Let p and U be the (uniform) density of the fluid and the
(constant) fluid velocity far from the cylinder, respectively. In the
following derivations it will prove convenient to make use of non-
dimensional quantities, having b, U, bU, 2nbU, 2nUb2, and pbU2

as units of length, velocity, velocity potential, circulation, strength
of a dipole, and force per unit length, respectively. The use of non-
dimensional quantities will be implicitly understood in all of the
subsequent derivations, unless explicitly indicated otherwise.

Let K3 be a right-handed Cartesian coordinate system whose x
and z axes coincide with the direction of the flow far from the cyl-
inder and with the axis of the cylinder, respectively. Let <ct, y, z>
be the ordered triple of coordinates of a point in space relative to
K3. Our previous assumption that the crossflow is uniform implies
that the flow patterns in two different planes, say z-zl and z = z2,
are congruent. Accordingly, the plane z = 0 may be selected as the
representative plane in which the flowfield will be investigated.

In the sequel we shall often prefer cylindrical, <r, 0, z>, rather
than Cartesian, <x, y, z>, coordinates. We shall assume that those
are related by the expressions x = r cos 0 and y = r sin 0.

B. Equilibrium Conditions
It is assumed that in the plane z = 0 the wake behind the cylinder

is represented by N point vortices of circulations yh... ,yN, located
at the respective points <rb 0j>, . . . , <rN, QN>. Outside the centers
of these vortices the flowfield is assumed irrotational and thus gov-
erned by the Laplace equation. Accordingly, imaging tech-niques8

may be used to solve the flowfield.
In particular, a spinning cylinder in a crossflow is represented by

a dipole of unit strength aligned with the y axis and a vortex of cir-
culation yv = QblU, both located at the axis of the cylinder. Each
vortex in the exterior of the cylinder is supplemented by two image
vortices in the interior of the cylinder (see Fig. 1). Of these, one
vortex of circulation

is placed at the (reflection) point

(1)

(2)

whereas the other, of circulation jp is placed at the axis of the
cylinder.8 In Eqs. (1) and (2), j takes on integer values between 1
and AT.

With all flow elements collected together, the stream function,8
describing the flowfield of the cylinder with N vortices, takes on
the form

/ n.\ - f\ sin 0\|f (r, 0) = r sin 0 - ——

(0-9,.) | (3)
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where r0 = 0, whereas

(4)

is the effective circulation at the cylinder's axis (reflecting both the
cylinder's spin and the respective image vortices).

Given a stationary configuration of the wake vortices, the force
acting on each vortex has to be zero. By the Kutta-Jukowski theo-
rem,8 the latter statement implies that the velocity induced at the
center of each wake vortex has to be zero. Thus, by taking to zero
each of the two velocity components at the center of each wake
vortex, one obtains 2N equilibrium conditions to relate N circula-
tions and 2N coordinates. As there exist no additional equilibrium
conditions within the ideal-fluid approximation, this leaves N pa-
rameters undetermined.

The radial (v) and the azimuthal (u) velocity components may be
obtained by taking the respective derivatives

v = ̂  and u = —^rd6 or

of the stream function. The equilibrium conditions may, therefore,
be written in the following form. For each ke {1, 2,..., N},

= 0

= 0
(5)

Fig. 1 Each vortex in the exterior of the cylinder (vortex A) is supple-
mented by two image vortices in the interior of the cylinder: one with
the reversed circulation (vortex B) at the reflection point, and the
other with the same circulation (as vortex A) at the center of the cylin-
der.

If the wake vortices occupy their equilibrium positions, and the
contour C is selected so as to encircle both the cylinder and its
wake vortices, then the force exerted on the interior of C coincides
with the force exerted on the cylinder. This statement immediately
follows from the equilibrium conditions, by which the force ex-
erted on each wake vortex has to be zero. Thus, by Eqs. (8) and (9),

;2-D
where

-X^TTt
r.sin

(10)

(6) The integral appearing on the right-hand side of Eq. (10) may be
evaluated using the Cauchy formula,9 by which

_ 2nird"/(Q-|
~ (ID

Z" (7)

are the respective velocity components at the center of the &th
vortex.

C. Magnus Force
To find the force acting on the cylinder, it proves convenient to

replace the real x-y plane by a complex plane, where the real and
imaginary axes coincide with the x and y axes, respectively. On the
complex plane, the location of a point is uniquely defined by the
complex number £ = x + iy, whereas the velocity field is uniquely
defined by the derivative of the complex potential W(Q with re-
spect to £.8 For a spinning cylinder with N point vortices in its ex-
terior,

(8)

in accordance with Eq. (3).
The x and y components, Fx and Fy9 of the force per unit length

in the z direction that is exerted on the interior of a contour C are
given by the well-known formula,8

(9)

where Q belongs to the interior of C, / is a meromorphic function9

on the interior of C, and n is a nonnegative integer. Thus, by Eqs.
(1), (4), and (11), Eqs. (10) yields

Fx-iFy = 27u]T Y; = 271/Yo

whence

7 = 1

(12)

(13)

(14)

From Eq. (13), it follows that no drag force is exerted upon a
spinning cylinder in a crossflow with N stationary vortices in its
wake. From Eq. (14), it follows that the respective side force de-
pends upon both the spin rate (YV) of the cylinder and the total cir-
culation of the wake vortices. Given that the latter is zero, Eq. (14)
yields the classic value of the Magnus force.8 However, as we are
not aware of any physical arguments that may require the total cir-
culation of the wake vortices to be zero, the wake vortices may af-
fect both the magnitude and the direction of the Magnus force.

III. Two-Vortex Wake
A. Notation

Consider the particular case wherein the wake is represented by
two vortices only. It will prove convenient to replace the original
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six unknowns, being the coordinates and the circulations of the
vortices, by the following six linear combinations of the latter:

(|) = (Gj - 02)/2 = angular semi-spread between the wake vortices
6 = (0! + 02)/2 = drift angle of the vortex pair
R = (rj + r2)/2 = average distance of the vortices from the center

of the cylinder
Ar = (rl - r2)/2 = radial drift of the vortices
Js = (Yi - Yz)/2 = "symmetric" circulation of the wake vortices,
Ja = - (Yi + Yi)/2 = "antisymmetric" circulation of the wake vor-

tices.
These are depicted in Fig. 2. Thus, by definition,

Y2 = -Y,-

= e + < (15)

rl = R + Ar, r2 = R - Ar

The six unknowns are related by four equilibrium conditions
[deriving from Eq. (5)], whence, any two of them have to be
treated as free parameters (namely, they have to be prescribed
rather than evaluated in the framework of the theory). Equiva-
lently, the spin rate vv of the cylinder may serve as an additional,
seventh, parameter, in which case any three out of the seven pa-
rameters may be chosen as free parameters. However, regardless of
the selection of free parameters, the equilibrium conditions consti-
tute a nonlinear system of equations with respect to the remaining
four parameters and are not generally amenable to an analytical so-
lution. Nonetheless, several particular solutions may be obtained
after some simplifying assumptions. Two of these solutions will be
addressed in the next two sections.

Note that, with one pair of vortices forming the wake of the cyl-
inder, the side force acting on the cylinder is given by a particu-
larly simple expression,

Fy = - (16)

immediately following from Eq. (14) by Eq. (15).

B. Symmetric Foppl Solution
Consider first the elementary case of two symmetric vortices be-

hind a stationary cylinder.3 By the symmetry considerations,

Ar = 0 - ja = Yv = 0 (17)

Equations (18) have a well-known (parametric) solution,

= <|)F (R) = arcsin R2-l
2R2

(19)

commonly associated with the name of Foppl.3 Additional solution
of Eqs. (18), wherein <|) = Ti/2,3 is usually considered physically in-
admissible.

C. Weakly Asymmetric Vortices
Given that the cylinder rotates slowly around its axis (or, rather,

when this rotation is represented by a weak vortex at the center of
the cylinder), it may be expected, subject to a posteriori verifica-
tion, that the equilibrium positions of the wake vortices will be in
the vicinity of the comparable positions corresponding to Foppl's
solution [Eq. (17) in conjunction with Eq. (19)]. Consider then the
following scheme.

Let /?, Yfl» and YV be the free parameters. As the perturbations are
assumed from Foppl's solution, the choice ofR as one of those pa-
rameters is natural. The remaining two parameters are chosen in
view of their role in determining the Magnus force [cf. Eq. (16)].
For a given R, it is assumed that

R

wherein, by definition,

= <|> - *F (R)

(20)

(21)

Note that since R is a free parameter, it is not possible to determine
whether the rotation of the cylinder may affect the distance of the
vortices from the cylinder.

For a given /?, ya, and vv, the perturbations Ar, A<|), 6, and Av5 are
governed by two syntactically similar pairs of linear equations, of
which one is of the form,

du. du, du,

and, accordingly, Fy = 0 [cf. Eq. (16)]. The remaining three un-
knowns, namely, R = r{ = r2, ty = Ql = -02, and ys = yl= -j2, are re-
lated by two independent equilibrium conditions,

du, du.
- ̂  + 2^ y-\ ̂

0Y2 "Yo'F ^YoyF

= 0

= 0

thereby leaving one parameter free.

with k G {1,2}, and the other is obtained by substitution of v^ in-
(18) stead of uk [these equations immediately follow from Eqs. (5) by

Eqs. (15), (20), and (21)]. The solution of these equations is
straightforward, although it involves rather lengthy (and somewhat
tedious) algebraic derivations. Eventually, one obtains

AY, = A(|> = 0

Fig. 2 Flowfield model and notation.

Ar = R4(R2-l)2

3R4-3R2+l)

R4(R6-R4

+ 3R4-3R2+l)
(22)

2R5(R6-3R2-l)cos[<\>F(R)]
~A * -3R4-3R2 + l )
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IV. Results and Discussion
First, consider the case where y v ^0 . Under these circum-

stances, Eqs. (16) and (22) may be written, in symbolic forms, as

-2 0 =

Fy =

where An Ae, Bn and BQ are some functions of/?. [These functions
may be easily identified from Eq. (22), but explicit forms are irrel-
evant for the present discussion.] Thus, for a given/?, the ratio ja/
yv determines both the direction of the Magnus force and the sign
of the displacements Ar and 0. In fact, the lines

(Y/Yv) =

, . .
(Y/Y.) = (23)

separate the </?, ja /yv> plane into four parts corresponding to four
different modes of vortex displacements (cf. Fig. 3). Each mode is
associated with a certain direction of the Magnus force.

Data on the wake patterns behind a two-dimensional rotating
cylinder are scarce, but the few data that are available2'10 demon-
strate that the Magnus force changes direction from side to side at
certain spin rates. This result may be qualitatively explained in the
framework of the present theory by a change in the wake mode.
Unfortunately, we did not find data that correlate between a wake
pattern behind the cylinder and a direction of the Magnus force,
and so we are unable to verify our results.

On the other hand, we believe that the relation between the wake
pattern and the direction of the Magnus force may provide some
qualitative explanation for the phenomenon observed in the "three-

-0.4

-0.6

-0.8

Fig. 3 Lines Ar = 0 and 0 = 0 divide the plane into four parts. Each
part is associated with a certain vortex pattern and with a certain
direction of the Magnus force.

dimensional" case. In fact, given a slender cylindrical body at a
large angle of incidence, two vortex "sheets" shed from the body,
and at a certain distance from it they roll into two concentrated vor-
tices. The intensities of these vortices, as well as their distance
from the cylinder, increase as they progress along the cylinder. Far
from the edges of the cylinder, the flow pattern in the plane perpen-
dicular to the longitudinal axis of the cylinder resembles the flow
pattern corresponding to the case of an infinite cylinder in a cross-
flow. Fletcher11 suggested that the asymmetrical displacement of
the centers of the concentrated vortices in the wake of the cylinder,
caused by the rotation of the cylinder, have a major role in deter-
mining both the amplitude and the direction of the force acting on
the cylinder. Fletcher's observations, as depicted in Fig. 8 of his ar-
ticle, show qualitative agreement with modes 2 and 3 depicted in
our Fig. 4, thus apparently justifying his assertion.

The particular wake mode cannot be predicted in the framework
of an ideal fluid approximation. Nonetheless, some qualitative re-
marks may be made. The measured magnitudes of the side force
exerted on spinning slender bodies at large angles of attack do not
exceed those predicted by the classical Magnus theory, i.e., \Fy\ <
27iyv.n~14 By Eq. (16), this observation bounds the possible values
of the circulation ratio ja /yv to the interval [0, 1]. This renders
mode 4 improbable (cf. Fig. 3). On the other hand, most data on the
location of the vortices in the wake indicate that their distances
from the center of the cylinder do not exceed twice the cylinder ra-
dius; this renders mode 1 improbable as well (cf. Fig. 3). Also, the
angular displacements of the vortices in modes 1 and 4 are oppo-
site to the sense of the cylinder's rotation, and such a phenomenon
was never observed experimentally. This leaves modes 2 and 3 to
be the most probable—in agreement with Fletcher's observations.

An important particular case of the suggested solution is whenyv
= 0 or else when the cylinder is stationary. In this case, Eqs. (22)
yield

Ar - -• -Ja

e = - 2R5 (R6- 3/?2 -1) cos [$F (/?) ]

\3R4-3R2+l)

(24)

In other words, the vortex pair in the wake of a stationary cylinder
may be asymmetric. Such a configuration was observed experi-
mentally,15 but was never before predicted in the framework of an
ideal-fluid approximation.

Fig. 4 Spinning cylinder: four different modes of wake vortices dis-
placements may be identified. Each mode is associated with the partic-
ular direction of the Magnus force. Modes 1 and 4 seem to be improb-
able for several reasons discussed in the text. Remaining two modes
are in qualitative agreement with experimental data.
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Fig. 5 Stationary cylinder: two different modes of wake vortices dis-
placements may be identified. The transition between the modes
occurs at R ~ 1.37. The side force always acts in the direction of the
closest vortex.

The two wake modes that are possible in this case are shown in
Fig. 5. The difference between the modes is in the sign of the angu-
lar displacement 6; the transition between the modes occurs at

> e . o = j 2 c o s S (25)

(the "odd" number comes from the solution of the cubic equation
R6 - 3R2 - 1 = 0). In both modes, the side force on the cylinder acts
in the direction of the closest vortex. The global direction of the
force, as well as the signs of Ar and 0, depend on the sense of ya,
whence they cannot be predicted in the framework of this theory.
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